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1. Answer the following questions as directed :
1x10=10

(a) Which one 6f the followin.g is true ?
) ~ 230 Zs ~ Zg
@) Z3©Zg~2Z4
(i) Z,®Z,~2Z,

(iv) All of the above

(b) Define internal direct product of two
groups.
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(c)

(d)
(e)

(g)

(h)

(9

Let G be a group and H, K be two
subgroups of G. Mention the condition

under whichHK ={hk:heH,ke K} is -

a subgrdup of .G
List the elements of Ug(35).

State whether the following statement
is true or false:

“Any two cyclic group of same order
are isomorphic.”

Give reason why ‘21=2+3+3+3+3+7 ’is
not representing class equation of a
group of order 21.

Which of the following statement is not
Eae?

(105 = Z, D Z, & Z,
(i) U(105)~U(3)@U(5)@U(7)

(i) U(105)~U(21)®U(5)
(iv) None of the above

Define Sylow p-subgroup of a finite
group.

In D,, write the conjugacy class of R
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(j) Prove or disprove: “There is a simple
group of order 150.” :

Answer the following questions : 2x5=10

fa) List all Abelian groups (up to
isomorphism) of order 360.

VA
(b) Constructﬁ, where Z is the additive

group of integers and N={5n:neZ}.

(c) Prove or disprove: U(10)~U(12).

(d) Show that a group of order 40 has a
unique normal subgroup of order 5.

(e) State Sylow Test for non—simplicity of
groups.

Answer any four queétions : S5x4=20

(a) Define inner automorphism of groups.
Show that the inner automorphism of
a group G is a subgroup of G. 1+4=5

(b) Show that every quotient group of a
cyclic group is cyclic. Is the converse
true ? Justify your answer. ZHI=0
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(d)

(e)

(0

State Sylow’s Third Theorem. Use it to
show that any two Sylow 2-subgroups
of the symmetric group S, are
conjugate. : 3=

Let G be a finite group and C(a) be the
centralizer of the element a of G. Show
AT

C(a)
Show that an integer of the from 2n,

where n is an odd integer greater than
one is not the order of a simple group.

that |cl(a)

If m, n are two relatively prime integers, .

then show that U(mn)~U(m)®U(n).

Answer the following questions : 10x4=40

(@)

Let G be a group and g.heG.

(i) If zeZ(G), then show that the

inner automorphism induced by g
and zg are identical. !

. (i) If g and h induce the same inner

automorphism of the group G then
prove that h''g e Z(G).
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(b)
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(iii) If ¢ is an automorphism of the
Dihedral group D, such that
#(Roo) = Ryzo and ¢(V)=V , then

determine ¢(D) and ¢(H).
4+3+3=10
Oor

Show that the order of an element
of G, ® G, @ ...®G, is the least common

multiple of the orders ofiuhie
components of the element. Hence find
the number of elements of order 5

inZ, ®Zs . 5+5=10

Show that if a group Gis internal direct
product of a finite number of

subgroupsHl,Hz,...Hn, then G is
isomorphic to the external direct
product of H,,H,,...H,. 10

Oor
(i) Show that a subgroup H of a group
G is normal subgroup of G if and

only if xfx "eH; WxeG. 4

(i) For any group G, show that
G

Z(G)

~ Inn(G) 6
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(c)
()
(1)
(@). ()
(%)
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Let G be a finite group and let p
be a prime number that divides

| G|, then show that G has an

element of order p. 10
Or

Define conjugacy of an element of

a group. Show that conjugacy is

an equivalence relation on a group.
; ] 1+4=5

If ais a element of a group. G,

then show that cl(a)={a} and

only if a € Z(G). Hence show that
G is Abelian if and only if
cl(a)={a}. ' 3+2=5
Let G be a group and H be g
subgroup of G. Let Sbe the group
of all permutations of the left
cosets of Hin G. Show that there
is a homomorphism from G into S
whose kernel lies in H and

contains every normal subgroup
of G that is contained in H. S

If a finite non-Abelian simple group
G has a subgroup of index 7, then

G is isomorphic to a subgroup of
A . S

n
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Or

Let G be an Abelian group of
prime-power order and let a be an
element of maximum order in G.
Then show that G can be written

in the form (a)xK . ' 10
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