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This condition is known as the pseudo-inverse condition on the basis B. A table
algebra with involution  over C that has a *-invariant basis B
structure constants that satisfies the pseudo-inverse condition.
in common with adjacency algebras of ASs, this is primarily

algebra (TA) is an associative
={bg=1.by..... br-1} with nonnegative real
Table algebras (abbr. TAs) share many properties
due to the existence of a degree map that plays the
degree map is a consequence of Perron-Frobenius
d to be real instead of nonnegative real in the TA
lgebras (see [9)). Algebraically there is a big price
lay the role of the augmentation/valency map. For a
e condition that the distinguished basis B contains |
and suitably modify the pseudo-inverse condition to:
s Lusztig's definition of based algebras [41].

asis has a unique rescaling
ndard basis of the TA. Alter,
ta(bi) = 1 for alll i. Wh
this basis produces a fusi

generalization in the direction of CAs, one can replace th
with the existence of a set of fibers A C B that sums 1o 1.
Vi, 3. k such that by € A and Aijk = Ajit > 0. This give

The existence of a degree map implies that any TA b
8(bi) = Ajjnq forall ;. This rescaled basis is called the stq
to obtain a transitional basis, which has the property tha
TA' has integral structure constants, the free Z-module of

by positive scalars so that
natively. one could rescale
en the transitional basis of a

1 on ring. (Fusion rings are the
cee (361, categories, a topic currently receiving a lot of attentjon in representation theory -
(1.2.3) The AS feasibility problem for SITA

. s. If the structure stand: acic of ;
are all nonnegat o fer o h T constants relative 1o the standard basis of a TA

Question 1 (Feasibility Probjem

Lby, ..., br_1} with ¢ given col
setofnxn Q] -matric

Structure constants?

;e!g:l.uch SITAs are represented by ASs? Tha s, if there exists a SITAB = tho =
ior ive | - nts. i
1 of nonnegative intege, Structure constants, is there g transpose-closed
Jyand is q basis of an

~dimensional subalgebra of M, (C) with the same
The genera feasibilj
ty probl
B to 'b‘e feasible as ap AySp Bani:;ll:JV OL;(ld be to ﬁqd Necessary and sufficien; conditions for a table algebra basis
is equivalent 1o ghe conditi ogn thl:;t :ll:lnsg ideas concerning hypergroup actions, showed the feasibility
(53] ing thi I om f ITA (A-'B? act “maximally angd irreducibly™ on a set of order n.
* Th ble Iz:ﬂllonally difficult, there gre some practical necessary conditions:
p;)smve integers. Thig js equivalent 1o laracter of CB ip the standard feasible trace of the SITA must be
itlhit:t;{la, and reduces the problem to realfi:zeiﬁlsﬁ]nce of an n-dimensional standard representation ® of the table
mio ], g the elemens of P(B) as a set of transposed-closed (1-matrices
a’if b% = b, then for all bi € B with
i) Must satjsf: " L
in algebrajc gyr;‘”hntice“ary restrictions to be the spectrum of a graph - this is a
Ph theory. (For the Jteg computational support for this problem

N ASS. An eff
CCs hy We give the currens ~ Effort to classify CCg
also describe‘:; °EN Classifieq i . o State of the

se clasui and ASgq using computers h
sing . € Classificaj
sma > N84 com

® Hanakj yng Allest o Puter y

as been ongoing
on efforts:

lasificay oo W"f' Order 14, i:)nt::l(')rder 5 h.)’ Zi\'-A\' I3§l. In this paper Klin and Ziv-Av
RT ns for Many o, Ssified y) 85 of orq, 'd two-orhi configuration.

S of ordey 3, whicher(.)rde * Their wopy redlr TN 30, and g = 32,33, and 34 [27]. and gave partial

Steomy in Nl::vee‘:]:te i&lssiﬁculinn of ASs of order 31 1o the classification
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i assifi ¢ smallest non-
h-Rezaie (see [26]). For order 35. DRTs and rank 4 ASs remain unclassified to date. The sma
Tayfeh-Rezaie (see [26]). 35. DR |
i y s to a DRT of order 15. o o :
A Asfconl.\esgo:r?(; :‘Oh‘;\li been classified. but due to the feasibility prqblem lISllS{ gar:nt(;) Szlg/T:vac: n(:]lz:
S o ASs Ra sifi bove parameter restrictions on s S. A
.. Rank 3 SITAs are classified by the a pa ‘ i nd - A similar
Corl‘e‘Sl‘JOHfl N Afst;rl'j::a];ers‘ can be accomplished for symmetric or a.sy'mr.net‘r.lc SITAs of rank 4. For ran
;’\l‘lrmtc‘::?‘:: typ;;es‘ of ASs can be ruled out by chaructgr l:he(zlry ;z;t;;c;i;nl;.mive rank S SITAS [321.
tghet tive rz ; t exist [55] - neither do ! s $132
) o o rg?;(n?uﬁfit: (:a':li 7 ASs with 6 asymmetric relations [29]. All examples known to the
R nonc K e |
l. Thlfrlie‘lt’eal:(;'lnnlelric relations. this is the inspiration for Question 2b above
authour have 2 as

l 'l‘ rw ger g 9( ) F ¢ l lW‘lli(_’el published [he t"\l Of d SErT ies Of tlll €C
( l. ers on lle \ub(.() Sl’lllen[ :ll]hebl"l Ofa CC. l t Aas f mmutatl ASS. lhl.‘ aLebl‘a exlend.‘s '.he adjacen(?y
. . ~onsti a A n he case of co
pl p b t h I & u ve S ate

¢ a copy of its dual algebra. | o
L S p};A =1 A.... A,_1} be set of adjacency matrices for a CC (or AS) of rank r and
Definition 3 [47]Let S = Ao = 1. * |

' P = Efx diagonal
o - in the AS S (i.e. the index of a designated row). For ef'lC]l A-, . l_et(ii*(:)bj,i(x_) (t;elthe‘ . m;_ :
d leta r\llf:‘::qtn:i\xlgvhos‘e yy-entry is 1if (Aj)yy =d!. and ol:zlr\:g;ign:tp f; é 3 r)rl r;u[at"ivé Q_algebm_
idempote e e E*(x) is an r-dimensio ¢ : o i
e lde";F;)te";l;;Z‘;l:(l(l:f l:::%constimem) algebra at vertex x is the Q-subalgebra of M, (Q) genera y
The rarional Terwillig ;

the set of O1-matrices S U E*(x).

' invite the reader to compute that for § = K, and each choice of x. T.: (S )bls dff?;":;‘:i‘:)gﬂ
At this point we invite { h : is one T, (S) up to isomorphism for each orbit of the combinato automor
coherent algebra. In general. t ’e': . are noi‘ in the same orbit of Aus(S). it may be the case th'at T,(8) an | 4\»(b '
phism group A’ﬁ'(sl‘n\cxi/?z: gvi?l h':,\;e different dimension. T, is a semisimple subalgebra of a coherent algebra
are not isomorphic. e of se that it is not coherent. o
zllrl‘i coherent closure), but 1t' 'Sbogsl:]:,h:r:: ffti}:lztelzse study for SRGs and DRGs since 'they \xffere hrsf InIrOde‘lC[i(el
Terwilliger algebras have ~ennecti ons to orthogonal polynomials were soon renhzed.a.s generators o ,
(see the survey [43]). Deetp L:d to satisfy the same identities as the umve-rsal'algel?tas of lhe quantum gro-upf
Terwilliger algebras ere o tho“O}lal polynomials. This led to a characterization of irreducible representations
related to certain families ofort :reg[inu connections of ASs to the spin models of conformal field theory (see
e casee, and 10 mt.e i rT of a rationality problem for Terwilliger algebras was a key step in the
survey [5].) The 'SOIU.UO ;) Bang. Dubickas. Koolen. and Moulton showing that there are a
mmm-l;..o f:;?i?::::k i 3 th:l are both metric and cometric (i.e. the dual is also metric)
ion schemes -

in many of thes
Bannai's recent
recent solution (‘)f the B
finite number of associat

) ' I a for a thin AS (i.e. a finite group G) of order n will be i.\‘()ll‘lorphu. to the full
3. I rwilliger algeord A e

any other AS. the dimension of the Terwil!igel- algebra T, (S) exceeds the rank of §
e A/gi{gj ’(f;r;;n;ric ASs of rank 3). Yamazaki and Tomiyama proved
for every .x. For s (s

. . v vertex v,
4 [50] Foru synmetric rank 3 AS (i.e. by is a SRG), and an
Theorem 4 | -

N ~ ()
C® Ty (S) = My(C) & MO @ T
v - t
i1 eioensShaces of d Drinei ; urix of by.
) be determined from certain eigenspaces of a principal submatrix of b
: 12(v) can ' . i ic Q). This is the
where my(x) and n2 fan AS of rank r always has one simple component l.somorl])hu t0t M, (b Cf:ijvector .
1 aar aloe a . , entary basis v
The Terwilliger a'lgfbrato,he principal irreducible 7, (S)-module ger;)en::e(é?y tl:jet flee'l? din;ezm‘m'll Licona]
sponding 10 icts to the regular module tor bot an - Sond S
:omponent COrresp - e restricts to g ) -h more mysterious. Though
T:’II ]plt is easy to see that this I;;O’:"lllw nonprincipal irreducible 7 (S)-modules are much more mysteriou g
. . * * S .
ative algebra Q[ £7 (V)] al or exceeding the rank of §. .
COmmm‘mlve ellz'm l;ave dimenston eqll\ld}: o lf;etnfiion‘e: on Terwilliger algebras for general ASs and CCs. other
it is rare, these ¢4 T rork has . < o Torwillioer aloah LY ot
! l-*(')‘:] the other hand. very litle ;‘rhuk ;:nd Xu giving a formula for the Terwilliger algebra T, (S wr { )Tol I:u
than the very recent wurkCOtSMlllu{ U in terms of 7,(S) and T (L") For the Terwilliger algebras of DRTs. the
d - 3 a
) -t of two CCs
wreath produc

asked: | | ‘
e o tric AS of rank 3 and order 4 + 3w = O (ie. a DRT) and v is a vertey
( vy oy e 9 ) k
Y o S s an asyni
i Suppose
Question 3 .)
o odd and < 81t + 9:

o Isdim T (S) alull_\-\/ ible To(S)-modude the unigue one of maximal dimension 3
) P jrredic ’

- the principal ir1¢
o Iy the pru
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