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OPTION - A

(Boolean Algebra and Automata Theory)

Paper : MAT-HE-6016

1. Answer any ten questions from the

following :

1x10=10

(@) Let P be a ordered set equipped with

(b)

(c)

an order relation <. Then which of the
following is symmetric condition ?

i) | sE=

() x<y and y<x imply x=y

(W) x<y and y<x imply X<z

(iv) None of the above

(Choose the correct answer) -

The symbol x|y is used for
() x<y and y £ x
(i) x££y and y<x
(i) x££y and y< x
(iv) None of the ébove
(Choose the correct answer)

Let P and Q be ordered set. A map

¢:P—=0 is said t
Oiiiloe
preserving, if ordered

) x=<y in P imply ¢(x)g¢(yj in Q
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(d)

(e)

(i) x<y in P o¢g(x)<gs(y) inQ

(iti) it is an ordered embedding which
map P onto Q

(iv) None of the above
(Choose the correct- answer)

Let P be a nonempty ordered set. P is
called complete lattice, if

() xvy and xAy exist for all
x,yeP

(i) vs and As exist for all SE JH

(i) SvP and SAP existforall PSS

(iv) None of the above
(Choose the correct answer)

For a given lattice Land a, b € L which
is true ?

i anrb=supia, b}

(i) avb=supia, b}

(i) avb=inf {a, b}

(iv) None of the above
(Choose the correct answer)
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(9
(h)
G)
(k)

()

If (B,+ ') is a Boolean algebra and
ac B, then '

(e ta=0aa =1

(ii) a+l=0; a.0=1

(i) d+a=1, ad'=0

(iv) None of the above
(Choose the correct answer)

What is duality principle of ordered
set ?

What is maximal element of an ordered
set ?

Define sublattice of a lattice.
What is context-free grammar ?

Write the full form of PDA in automata
theory.

Define Boolean algebra in terms of
lattice.

(m) Write De Morgan’s law in Boolean

()

(o)

algebra (B, +,-,').

What is disjuctive norma] form for a

Boolean expression ?

Write 1dempotent law

Sicenra for Boolean
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(@)

(b)

()
(@)

(e)

(g)

()

Answer any ﬁvé from the following :

2x5=10

Let P be a lattice. Then for all

a, b, ce P, prove that

a<b=>avc<bvc

FetN B =H288 1 44SN6 1 D36, 48} and S
be the relation 1, ‘divides’ on B. Draw
the Hasse diagram of S.

Write truth table for ‘-’ operator.

State the principle of duality for Boolean
algebra.

Write dual of av (b vanb) =

Consider the following language over

—Ha b}L:{ambn, m >0, n>0}-
Find a regular expression S over
A={a,b} such that L;= Lr(x) for
= 1623 5

Prove that every singleton of a lattice
L is a sublattice of L.

Prove that in a lattice L,

(ap)vxaD)A(xAp)vyAZ)=xAY
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for all aUnZie by,
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3. Answer any four questions from the
following : 5x4=20

(a) Prove that elements of an arbitrary
lattice satisfy the following distributive
inequality : - ;

x/\(yvz)z(x/\,y)v(.)cx\z)
xv(y/\z)sl(xvy)/\(xvz)

(b) Show that the language
L= {ambm; m positive} is not regular.

() Find the language L (G) over {qa, b,c)}

generated by the grammar G with

production
S — aSb, aS — Aa, Aab - ¢.

(d) Consider the CFG G defined Ey
production S - aS|Sb|a|b.

() Prove by induction on the string

length that no string 1, (S) has ba
as a substring '

(i) Describe L (G) informally, Justify
your answer using part {i)‘
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(e

Find a Boolean polynomial p that
induces the function f :

SGTRN D X3 f (x5 x5, %3)

. 0 @ @ 1

0 0 L 0
0] 1 0 . (@
0 1 it 1
1 0 0 -1
1 0 1 0
1 1 0 0
1 1 il 0

(/ Construct a grammar for the language
L:{axby,x>y>0}

(g) Suppose that L is any language not
necessarily regular, whose alphabet is
{0}, i.e., the strings of L consist of 0’s
only. Prove that L* is regular.

(h) Express the Boolean expression x' + yz
in conjunctive normal form in the
variables x, y, 2.
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Answer any four from the foliowing:

10x4=40

(a) Determine the minimal form of p, which

is given in DNF :

RS TR O (2 ]
p =vwxyz + vwxyz + vwxy'z' + v'w'xyz
o 1 ror o (] 1 1. r 1 1] T
LV'WXY 'z + VWX YZ + v WXy 'z + v'wxyz

J—‘U‘w z+ irJ’J_L Foor o ' '
. XYz+0WXYz +VWXYZ+vwxy z

! r ] .
FuwxX Yz + vwxy 'z + vwxyz + vwxyz

(b) () Let (L,<) be a lattice ordered set.
I.f ‘we define xAy=inf (x,Y),
xvy=sup(x, y), then prove that

(L, A, v) is an algebraic lattice.

(ii) Let
lattice. If

(L, <) is a lattice ordered set.

(¢ Let G=(V,T,P,S) be a CFG. If the
recursive inference procedur
_ t
that te'rmmal string a is in theelagiglflal;:
of variable A, then prove that there is
a parse tree with root A and yield w
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(d) Let G=(,T,P,S) be a CFG and

suppose there is a parse trec with root
labeled by variable A and with yield w,
where w is in T*, then prove that there

3 . . * ¥ .
is a leftmost derivation Al::>w in
m

grammar G.

Obtain a Boolean expression which
represents the following circuit :

X

o,
S

I

(L,A,v) be an algebraic

5 we define
X=Y & XAY=x, then prove that

y Yy
Draw an equivalent circuit as simple
as possible. Show that current will flow
through the circuit if and only if the
switch x is on.

Let f:B"—> B be a function such

that f # 0. Then prove that there exists
a Boolean expression ¢ in DNF such

that f(bl, bz,"",bn)l:a(blj bQJ"'an)
for all (by, by, -, b,)€B" -

3 (Sem-6/CBCS| MAT HE 1/2/3/4/G 9 Contd.
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(@)

Let X={1,2,---,n} and define
¢:Q(X)—> 2" by |
$(A) =1, 65, €.} where

{1 Wi = A

@ kL A

5‘1'=

Then' prove that ¢ is -an order-
1somorphism.

Let P be an ordered set and
x,yeP.

Then prove that th X
; e follow
equivalent : R 5

() se Ly

. 2) Yxcly

3) (VOeQ(Pyeco=xcQ

(h) ‘Let L be a lattice. Th
3 . Then
following are equivalent I.JrOve that the

()

(1)

L is nonmodular j
e Gl '
N. L only if

L is nondistributive if and only if
Ns —>L or Mg [,
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R e ettt SR Y

i Let f:B—>C where B and C are
Boolean algebras.

@) Alssumel i iSEEa lattice
homomorphism. Then prove that
the following are equivalent:

(1) f(0)=0 and f()=1
) fla)=(f(a) forall aeB

(i) If f preserves ', then prove that
f preserves V if and only if
f preserves A.

() In a Boolean algebra (B, +, ), for

a,b,ce B, prove that

()i b+a=c+a and bia =c+a ,
then b=c

(ii) a+(b+c)=(a+b)+c

and

a.(b.c)=(a.b).c
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1. Answer any ten questions:

(@)
(b)

(©
(@)

(e)

(g)

(b

OPTION - B
Paper : MAT-HE-6026
( Biomathematics.)
1x10=10

What is a difference equation ?

Write a biological factor that to be the
cause of density dependence.

When is a mathematical model called
autonomous ?

Give an .example of a nonlinear
mathematical model.

Define equilibrium value of a model
AP =G(P).

Write the order of the followi By
; ow
differential equation : ing partial
Uy +2XUy, +8u =Ty

State whether the following
. 0 .
differential equation wing partial

I¢ is lin
quasilinear or non-linear : e

Uy + XU, = siny

Write a difference b
etween conti
growth and discrete growth o
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(1)

0)

(k)

U
(m)

()

(o)

Answer any five :

(@)

(b)

Write the condition for local stability for
a system defined by

f(x):r(l—%}x

Fill in the blank :
Product of characteristic roots or eigen-
vectors of a matrix A is equal to

What is the central idea of a Lyapunov
method ?

. What is bifurcation ?

If we flip a fair coin what is the
probability of outcome ‘head’ ?

Write the tfwo extreme equilibrium states
in a heart beat cycle.

A Jukes-Cantor model is one-parameter
model of mutation. (True/ False)

2x5=10

Explain why the model AQ =rQ cannot
be biologically meaningful for describing

a population when r < -1, where ris the
per capita growth rate of quantity Q.

Write two basic requirements of a
mathematical problem to be properly
posed.
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()
(d

(e)
(0

(9)

(R)

Answer any four :

(@)

State the existence theorem.

Prove thgt, the sum of characteristic
roots or eigenvalues of a square matrix
A of order 2 is equal to trace of A.

Wi'th the help of heart beat cycle, discuss
briefly about the threshold effect.

What is the difference between a Jukes-

'Canto;‘ rn_odel and Kimura mode] ?

Write two additional assumptions to

basic Marko
model. v model by Jukes-Cantor

What are Mendel’s i .
=l S 1solate
characteristics for the pea plari 'f 4

5x4=20

In the early stages o
of a frog embryog, cellfdtisfsiiiviopment
a fairly regular rate. Sup OSCUI“S .
EE:GWC that all cells divide rfnd ;e{ﬁ;
¥ number of cells double, rough]
alf hour. S
Write down an equation 1
fétl.iann. Yowlu Shquld specf?f?ieol:rl S
al world time is represented é?zu;g

increament of J'in ¢
n and A
numbers of cel] is. what the initial
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(b)

(c)

(d)

(e)
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Prove that if a model
Pi—l = F(Pt)

has equilibrium P~ then ’F' (P)] =1l
implies P is unstable, while \F' (P)\ <1

implies P’ is stable.

Suppose a virus enters the blood stream
and develops at a rate proportional to
its concentration. An antidote to the
virus is administered at a time h and
decays according to the law that the rate

" of reduction of concentration of drug to

be proportional to its concentration.
Write down a simple model of virus-
antidote interaction and estimate the
dosage of antidote needed to eradicate
the viral infection as quickly as possible.
Determine the solution of

W =Wy =1l
u(x, Q)= sinx
u, (x, 0)= x

Consider the nonlinear conservative

system in which # = 0 and
X =y U= msinx—x |
Examine the nature of equilibrium.

Contd.



(9)

(R

Answer any four :

(@)

(b)

(c)

Suppose a farnib; has 6 children. What

is the probability that 4 are boys and 2
are girls ?

Consider the space clamp model where
the induced current I is assumed
constant. Determine the critical points

of this system when the current takes
the value

I:E', I:EE

/4 s

What is phytogenetic tree ? Why is it
reasonable to assume that evolutionary
relationships can be modified by drawing

trees ? What would it mean if there were
a loop of edges ?

10x4=40

Develope and analyse a growth and
decay model through

_ ; ~ordinary
differential equations.

Develope and analyse a nonlinear model
through ordinary differentia] equations.
Using a suitable Lyapunov function
explain the stability condition of :
a -
predator model. il
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(@

(e)

(0

(g)

(h
@)

0)
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Analyse and develop a simple epidemic
model by using ordinary differential
equation. ;

Provide a fullrphase plane analysis for a
heart beat equation.

Discuss briefly the stability of a limit

cycle.

Suppose a population of cells grows
logistically according to the law of logistic
growth, with a per capita growth rate of

N, = 0.1h"! (a small population that is

not approaching carrying capacity will
take 10h to increase by a factor of g). If
the initial size of the population is 10%
of the carrying capacity, how long will it
take for the population to reach 95% of
the carrying capacity ?

Explain brieﬂy about Poincare plane.

Write a brief note on the development of
logistic growth model.

Write a brief note on bifurcation and
chaos with a suitable example.
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OPTION-C
( Mathematical Modelling)
Paper : MAT-HE-6036
Answer any seven questions : 1x7=7
(a) Define a power series. '

(b) Write the condition that the Taylor
series with centre x= a becomes' the
Maclaurin series.

(c) Does a differential equation with

singular point at zero only have power
series of the form '

)= B(C 5 P

(d) Write the value of E

(e) When does an improper integral over
an infinite interval converge? -

() Does a Frobenius series always °

represent a power series ?
(g) Write the value of

Lit}= [ e at
0]

(h) What is the value of u (t), when t> 0 in
a unit step function ? 5

(i) Write the condition that a tangent series
for tan x is convergent.

3 (Sem-6/CBCS] MAT HE 1/2/314/G 18

0)

(b)

Choose the correct answer :
A Monte Carlo simulation is a
(i) probabilistic model

(i) deterministic model

(i) discrete model

(iv) None of the above

Answer any four questions : 2x4=8
5
(a) Calculate 3
Show that
D2
ons (R s B
D B
{s +k }
Prove the linearity property of Laplace

©

transform.

(d) Find the inverse Laplace transform of
1
G(s)= :
s’(s-a)
(e} Prove that.
n+ :Lr_t
() Find the 'mvérse_ Laplace transform of
3 ‘
F(s)=
' ( ) 2s-4
3 (Sem-6/CBCS) MAT.HE 1/2/3/4/G 19 Contd.



(g) Define a linear congruence:. | () Find the Frobenius solution for Bessel’s

(h) Explain briefly a single server queuing equation of order zero
model. ; X2y + xy' +x°y=0

, : : 3 (g) Using Monte Carlo simulation, write an
Aaswerfanyptiiegidie SERl S Daallo ‘ : algorithm to calculate an approximation
e to 7 by considering the number of
5 random points selected inside the
xy=y-x-1 | ;

‘ quarter circle

Q:x2+y2=1, x>20,y=0

(@) Solve the equation

(b) Investigate the value at the point x=0

for the differential equation T
Use the equation T area Qf/area S.

eyt +'(x2 sin x) y' +(1-cosx)y=0

(c) Solve the initial value problem (h) Maximize X+ Y
x4—x'—6x_—.0 ; subject to x+y$6
(OV=12 _ Bx-y<9
x (0)=-1 x,y=0
(d) Show that _
. : 4. Answer any three parts : 10x3=30
L {teat } = —1—_ ¥ | . .
o=@ : ; (@) Find the general solution in pOWers of
x of the equation
(e) Use Laplace transformation to solve the (x2 2h 4) ' +3xy +y=0

initial value problem
Then find the particular solution with

xr'+w8x—Fosinwt ( ) ()
3 yO =4,y'0‘=1.

x(0)=0=x'(0)
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(b)

(©

(@)

(e)

Determine the radius of convergence of
a series solution of

(x2 +9)y“+xy'+x2y =)
in powers of x and in powers of (x—4)
by finding the singularities.

Find linearly independent solutions of

yl'l'_xyl_x?.y:o

Find Frobenius series solutions ‘of

2

2x°y +3xy'—(x2 +1)y=0.

Using Monte Carlo simulation write an

algorithm to calculate the volume of a
) e :

sphere x* + y? + 22 _ 1 that lies in the

first octant x>0, Y 2 0,z>0

Using simplex method
optimize 6x+4y

subject to x+y <12
X+y<24
2x+5y<80, Xy >0
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(9)

(h)

Explain briefly the middle square
method.

Use this method to generate

(i) 10 random numbers using

xp = 1009
(i) 15 random numbers using
xg = 3043

A small harbor has unloading facilities
for ships. Only one ship can be
unloaded at any time. The unloading
time required for a ship depends on
the type and amount of cargo and
varies from 45 to 90 minutes.

Below is given a situation with S ships :

Ship 1 Ship 2 Ship 3 Ship 4 Ship 5

Time between
Successive ships

(in minutes)

20 30 15 120 25

Unloading time 99 45 60 75 80

(i) Draw the time-line diagram

3 (Sem-6/CBCS) MAT HE 12/3/4/G 23

depicting clearly the situation for
each ship, the idle time for the
harbor and the waiting time.

(i) List the waiting time for all the
ships and find the average waiting
time.
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OPTION-D
Paper : MAT-HE-6046
( Hydromechanics)

1. Answer the following questions: (any ten)

(@)

(b)
()

(@)

(e)

(9)
(h)

@)
0)

1x10=10

S-tat.e the property for which a mass of
liquid can be used as a ‘machine’ for the
purpose of multiplying power.

Give example of an elastic fluid.

Deﬁne centre of pressure of a plane area
immersed in a fluid.

Name the 1pstmment used to measure
atmospheric pressure.

Flow elasticity of a fluid is measured ?

Define absolute zero of temperature

What is meant b
body 2 v thermal capacity of a

Name the two methods of tr

general problem of hydrodynami
ics.

What is tube of flow ?

Define a perfect fluid with exampl
e
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eating the =« |

(k) If g be the velocity field of an
incompressible homogeneous fluid, what

is the value of V.g@ ?

() Whatis an adiabatic change?

(m) State Boyle’s law.

(n) What is the physical significance of the
equation of continuity ?

(o) For what type of motion of a particle,
the stream lines and path lines

coincidie ?

5. Answer any five of the following : 2%5=10

(a) Obtain the differential equations of the
lines of force at any point.

| (b) Prove that the pressure at any point of a.
fluid varies as the depth of the point from
the surface when there 1s no

atmosphere.

(c) “The centre of pressure of any plane

area, not horizontal, is below its

centroid.” Explain why.
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(d) Find the equations of the lines of force

for a fluid motion in which

2
coyu i eos
Lo e =g
r

&
where rdenotes the distance from z-axis.

(e) What is megnt by velocity potential ?
Does velocity potential exist for a
rotational flow ?

(fiRssLiac velocity’ q in the three-dimensional
flow field for an incompressible fluid is

given by G=Axi-yj-zk. Find the
value of 4.

(g) State the relations among pressure
density and temperature for g oivepi
mass of gas under different condigons

(h) Find the resultant vertical pressure on

any surface of a homogeneous liquid at
rest under the action of gravity

3. Answer any four of the following - 5%x4=20

(a) A closed tube in the form of an
with its major axis vertical is fi]le
three different liquids of de
P1» P2, P3 Tespectively. If the dj
of the surfaces of separation frq

ellipse
d with
nsities
Stances
m either
Prove that
+-r3 (pl _pg): 0

focus be n, 1), 13 respectively
nlpy = p3)+r, (o3 - p1)
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(b)

()

()

()
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A given volume of liquid is at rest on a

fixed plane under the action of a force,
to a fixed point in the plane, varying as
the distance. Find the pressure at any
point of the fluid and the whole pressure
on the fixed plane.

A mass of homogeneous liquid,
contained in a vessel, revolves uniformly
about a vertical axis. Determine the
pressure at any point and the surfaces
of equal pressure.

A circular area of radius a is immersed
with its plain vertical and centre at a
depth h. Find the depth of centre of
pressure below the free surface.

If the law connecting the pressure and -

density of the air were p=kp", prove

that neglecting variations of gravity and
temperature, the height of the

atmosphere would be times the

homogeneous atmosphere.

Given the velocity field

C_j 1 szy{ + Bygzj + Czt2 IE
Determine the acceleration of the fluid
particle.

07 Contd.



(9)

(h)

4. Answer any four of the following : 10x4=40 |

(@)

A mass of fluid moves in such a way that

each particle describes a circle in one

plane about a fixed axis. Show that the
equation of continuity is

5}
Sita s Ren =0
~ ag(pﬂ))

where o is the angular velocity of a
particle whose azimuthal angle is ¢ at
time t.

A vertical rectangle is exposed to the
action of the atmosphere at 5 coﬁstant
temperature. Assuming that the
pre.ssure exerted by the atmosphere
varies with the height according to the
usual law, determine the position of the
centre of pressure of the rectangle.

If a mass of fluid is at rest under th

action of given forces, obtain the
equation which determines the press .
at any point of the fluid. G

Also deduce a necessa
3 e s
equilibrium. ¥ Ol’ld;tlon 3t
+3=10
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(b)

(c)

(d)

3 (Sem -6/CBOS) AT HE 1/2/3/4/ G

A liquid of given volume V is at rest

under the forces X = Fﬁ;x, Yz'_;—;y:
a

1z

Z:= C’; . Find the pressure at any
point. Also find the equation to the free
surface and the surfaces of equal

pressures. 5+2+3=10

A solid octant of a sphere is immersed
with one plane face in the surface. Prove
that the resultant pressure on the
curved surface reduces to a single force

of magnitude épﬁas‘xhrg +8
Also show that the equation of the line

: : 2z
of action of single resultantis x =y =——.

T
8+2=10

Obtain the equation of continuity for a
fluid in motion, in the fqrm

HOR div(p@) =0
ot g _
where p and g arc respectively density

and the velocity of the fluid. Deduce the
form of equation of continuity when the

. 1:ia homogeneous and incompressible.
fluid is hom 54010
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(e

9)

3 (Sem-6/

Define stream lines and -path lines.
Determine the stream lines and the path
of the particles, when the velocity field

Z
w=—,
1+t

4+6=10

Sl X Y
=—_DU =
is given by u 4 N

Assuming that the temperature of the
atmosphere is uniform, show that as the
altitude increases in A.P., the pressure
decreases in G.P. \
Hence deduce a formula for comparihg
the differences of level of two stations
above earth’s surface by a barometer.
What changes have to be applied if the
temperature is not uniform but
acceleration due to gravity is constant ?
6+2+2=10

(i) Two volumes v; and v, of different

gases at pressures p, and p, and

absolute temperatures 7} and i
are mixed together, so that the
volume of the mixture is Vv and
absolute temperature if T Prove
that the pressure of the mixture ig

2 (plvl LT
Vel iy T,

CBCS| MAT HE 1/2/3/4/G 30

(i) Masses m and m' of two gases in
which the ratio of the pressure to
the density are respectively k and
e anelN TN Isde d SRl thicENS Zimie
temperature. Prove that the ratio of

the pressure to the density in the
. mk+m'k
compolndiSiESss -
m+m

o9+5=10

(h) Obtain the differential equations of the

curves of equal pressure and density for
a fluid at rest under the action of the
fOrCES Mol 2R Pe S U DIt 8 S'sk WAl
X=yly+2), Y=2(z+x), Z=y(y-x),
prove that surfaces of equal pressures
are hyperbolic paraboloids ;
y(x+z)=c(y+z) and ‘the curves of

‘ equal pressure and density are given by

y(x+ z) = constant, y+ z = constant.

5+5=10
(i) Define the following : 4+6=10
(i) Steady and unsteady flow
3 (Sem-6/CBCS| MAT HE 1/2/3/4/G 31 Contd.



(i) Rotational and irrotational motion

2Xyz
Show that u =~ —=Y2__
(> + )
2
U=—x _y f w = y
2 2 2 2
(x +y) X +y

are the velocity components of a
- possible liquid motion. '

() A given mass of air is contained within
i a closed air-tight cylinder with its axis
vertical. The air is rotating in relative
equilibrium about the axis of the
cylinder. The pressure at the highest
point of its curved surface js p, and the
pressure at the highest point of its axis
1s P. Prove that, if the fluid were
absolutely at rest, the pressure at the -
FRRCEREnds o the Akt wold Ibe
o ' ¥ : :
W , Where the welght of the air

is taken into account.
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